Abstract. This paper deals with the Bishop-Phelps-Bollobás property (BPBp for short) on bounded closed convex subsets of a Banach space X, not just on its closed unit ball BX . We firstly prove that the BPBp holds for bounded linear functionals on arbitrary bounded closed convex subsets of a real Banach space. We show that for all finite dimensional Banach spaces X and Y the pair (X, Y ) has the BPBp on every bounded closed convex subset D of X, and also that for a Banach space Y with property (β) the pair (X, Y ) has the BPBp on every bounded closed absolutely convex subset D of an arbitrary Banach space X. For a bounded closed absorbing convex subset D of X with positive modulus convexity we get that the pair (X, Y ) has the BPBp on D for every Banach space Y . We further obtain that for an Asplund space X and for a locally compact Hausdorff L, the pair (X, C0(L)) has the BPBp on every bounded closed absolutely convex subset D of X. Finally we study the stability of the BPBp on a bounded closed convex set for the 1-sum or ∞-sum of a family of Banach spaces.
Introduction
A remarkable result so called the Bishop-Phelps theorem [8] came out in 1961, which states that for every Banach space X, every linear functional on X can be approximated by norm attaining ones. In fact, they showed a more general results: Let D be a closed bounded convex subset of a real Banach space X. Then the set of support functionals of D is a norm dense subset of its dual space X * . In other words, the set of all elements of X * that attain their suprema on D is a norm dense subset of X * . However, Lomonosov [20] showed in 2000 that this statement cannot be extended to general complex spaces by constructing a closed bounded convex set with no support points. From now on, we assume that X and Y are real Banach spaces without any other comment.
After a while, J. Lindenstrauss [19] studied in 1963 the denseness of norm attaining linear operators between Banach spaces, which has been a classical research topic in functional analysis since then. In particular, Bourgain [10] obtained in 1976 such a surprising results that a Banach space X has the Bishop-Phelps property if and only if it has the Radon-Nikodym property(RNP for short). We recall that a Banach space X is said to have Bishop-Phelps property if for every bounded closed and absolutely convex subset D of X and for every Banach space Y , the subset of L(X, Y ) attaining their suprema in norm on D is dense in the space L(X, Y ), where L(X, Y ) is the Banach space of bounded linear operators from X into Y .
In 1977 Stegall [23] obtained a nonlinear form of Bourgain's result: Let X be a Banach space with RNP, D be a bounded closed convex subset of X and f : D → R be an upper semicontinuous bounded above function. Then for > 0, there exists x * ∈ X * such that x * < and f + x * , f +|x * | strongly expose D. Applying this result to a vector-valued case, he showed the following. Let X be a Banach space with RNP, D be a bounded closed convex subset of X, and Y be a Banach space. Suppose that ϕ : D → Y is a uniformly bounded function such that the function x → ϕ(x) is upper semicontinuous. Then, for δ > 0, there exist T : X → Y a bounded linear operator of rank one, T < δ such that ϕ + T attains its supremum in norm on D and does so at most two points.
We refer to [1] surveying most of recent results on the denseness of norm attaining linear or nonlinear mappings such as multilinear mappings, polynomials or holomorphic mappings.
On the other hand Bollobás [9] sharpened in 1970 the Bishop-Phelps theorem by dealing simultaneously with norm attaining linear functionals and their norming points, which is stated as follows. We denote by B X and S X the closed unit ball and sphere of X, respectively. Theorem 1.1. [9] Let X be a Banach space and 0 < < 1. Given x ∈ S X and x * ∈ S X * with |1 − x * (x)| < 2 2 , there are elements y ∈ S X and y * ∈ S X * such that y * (y) = 1, x − y < , and y * − x * < + 2 .
He also showed that this theorem is best possible in the following sense. For any 0 < < 1 there exist a Banach space X, point x ∈ S X and functional f ∈ S X * such that f (x) = 1 − ( 2 /2), but if y ∈ S X , g ∈ S X * and g(y) = 1, then either f − g or x − y .
Since this theorem of Bollobás is stated explicitly, we have referred it more often than the theorem of Brønsted and Rockafellar [11] , a more general and earlier result than Bollobás. Using the concept of the subdifferential of a convex function it is written as follows: Suppose that f is a convex proper lower semicontinuous function on a Banach space X. Then given any point x 0 ∈ dom(f ), > 0, λ > 0 and any x * 0 ∈ ∂ f (x 0 ), there exist x ∈ dom(f ) and x * ∈ X * such that
In particular, the domain of ∂f is dense in dom(f ).
Acosta et al. [2] introduced in 2008 the following definition to study this property for linear operators between Banach spaces.
A pair of Banach spaces (X, Y ) is said to have the Bishop-Phelps-Bollobás property (BPBp for short) if for every > 0 there are 0 < η( ) < 1 and β( ) > 0 with lim →0 β( ) = 0 such that for all T ∈ S L(X,Y ) and x 0 ∈ S X satisfying T (x 0 ) > 1 − η( ), there exist a point u ∈ S X and an operator S ∈ S L(X,Y ) that satisfy the following conditions:
u 0 − x 0 < β( ), and T − S < .
Since they characterized in [2] the Banach space Y for which the BPBp holds for operators from 1 into Y , lots of interest has been caused in this property (for instance see [3, 4, 5, 6, 7, 14, 17, 18] 
So far, the BPBp has been studied on the closed unit ball B X , but in this paper we deal with this property on bounded closed convex subsets D of a Banach space X, not just on B X . We introduce the following more general definition. Let 
x − z < and T − S < .
Similarly we say that (X, Y ) has the Bishop-Phelps property on D (BPp on D for short) if for every > 0 and for every T ∈ L(X, Y ) with
In general, we cannot expect the same results in the BPBp on a closed bounded convex set D as those on B X . For a uniformly convex space X the pair (X, Y ) has the BPBp on B X for every Banach space Y ( [6, 18] In Section 2, we show that the BPBp holds for bounded linear functionals on arbitrary bounded closed convex sets. Using this, we sharpen Stegall's optimization principles [23] in the sense of the BPBp. In Section 3, we show that for all finite dimensional Banach spaces X and Y the pair (X, Y ) has the BPBp on every bounded closed convex subset D of X, and also that for a Banach space Y with property (β) the pair (X, Y ) has the BPBp on an every bounded closed absolutely convex subset D of an arbitrary Banach space X. For a bounded closed convex subset D of X with positive modulus convexity we get that the pair (X, Y ) has the BPBp on D for every Banach space Y . We further prove that for an Asplund space X and for a locally compact Hausdorff L, the pair (X, C 0 (L)) has the BPBp on every bounded closed absolutely convex subset D of X. In Section 4, we study the stability of the BPBp for the 1 -sum or ∞ -sum of a family of Banach spaces.
Linear functionals attaining their suprema on bounded closed convex sets
We begin by recalling Ekeland's variational principle [13, 15] , which can be stated as follows: Theorem 2.1 (Ekeland). Let f : X → R ∪ {∞} be a proper lower semicontinuous and bounded below function on a Banach space X. Then given > 0 and δ > 0, there exists
The proof of Theorem 7.41 in [13] actually gives the following:
Theorem 2.2. Let D be a bounded convex closed subset of a Banach space X. Given > 0 and
then there exist g ∈ X * and x 1 ∈ D satisfying
It is trivial that Theorem 2.2 is not true any more for a complex Banach space ( [20] ).
Corollary 2.3. Let > 0 be given. If f ∈ S X * and x 0 ∈ S X satisfy that
then there exist g ∈ S X * and z ∈ S X such that
Proof. Apply Theorem 2.2 with δ = 2 2 and = 2 and we can choose x * 1 2 and z ∈ S X so that f + x * attains its norm at z.
Also we get |g(z)| = 1 and
We can also obtain the following theorem for a bounded linear functional, which is analogous to Stegall's nonlinear form [23] of Bourgain's result mentioned in Introduction.
Theorem 2.4. Let D be a bounded closed convex set in a Banach space X. Given 0 < < 1/4 and f ∈ X * , there exist x * ∈ X * and x 0 ∈ D such that both f + x * and f + |x * | attain their suprema simultaneously at x 0 and x * . Moreover
Proof. We may assume D ⊂ B X and f D = 1. By the Bishop-Phelps theorem, there exists x * ∈ X * such that f + x * attains its supremum at
. Clearly x * (y) < 0, and
By the same argument as in the proof of Theorem 2.2 we can obtain the following:
f − g and
Further, we can show in the following that for a bounded closed convex set D the set {f : |f | attains its supremum on D} is dense in X * .
Theorem 2.5. Let D be a bounded closed convex set in a Banach space X. Given f ∈ X * and > 0, there exists x * ∈ X * such that |f + x * | attains its supremum on D and x * . Moreover, if D is symmetric, and f (x 0 ) > f D − δ 2 for some x 0 ∈ D and δ > 0, then x * and x 1 ∈ D can be chosen so that x * , x 0 − x 1 δ , and |f + x * | attains its supremum at x 1 on D.
Proof. We may assume that D is a bounded closed convex subset of B X . Let s = sup D f . We now consider three cases.
for every x ∈ D, which means that sup D g > | inf D g|. It follows from the case 1 • that there exist y * ∈ X * and y 0 ∈ D such that y * 2 and |g + y * |(x) (g + y * )(y 0 ) for every x ∈ D. Therefore,
for every x ∈ D and x * − y *
We can prove this case by applying the case 1
From the assumption and Theorem 2.2, we can choose x * ∈ X * and x 1 ∈ D so that
If D is not symmetric in the above theorem, we can hardly choose x 1 ∈ D satisfying x 0 −x 1 δ and also that |f + x * | attains its supremum at x 1 on D. Indeed, for f ∈ S X * which does not attain its norm and for 0 < < 1 3 , we let
Note that S 2 is a closed bounded convex subset of 2B X . We set D = co(S 1 ∪ S 2 ). Clearly, f D = 1 and we can see easily that there exists
. We claim that for every x * the function |f + x * | cannot attain its supremum on D at any point z ∈ D with z − x 0 . Otherwise, there exists x * such that the function |f + x * | attains its supremum on D at some point z ∈ D with z − x 0 . Since
. Choose a sequence {z n } in co(S 1 ∪ S 2 ) converging to z. For each n ∈ N we can write z n = (1 − λ n )x n + λ n y n , where x n ∈ S 1 , y n ∈ S 2 and 0 λ n ≤ 1. An easy computation shows that
It follows from these inequalities that for each n ∈ N
Therefore, we have that for each n
, which implies that λ n → 0 as n → ∞. It means that z ∈ S 1 . Now we recall that f + x * attains its supremum on D, but f doesn't attain its supremum on D because sup B X f = sup D f and f doesn't attain its norm. Hence x * = αf for any α ∈ R, and there exists w ∈ T with x * (w) < 0 and w < .
which is a contradiction.
Operators attaining their suprema in norm on bounded closed convex sets
It was shown in [2] that for all Banach spaces X and Y of finite dimension (X, Y ) has the BPBp for B X . We show that it is still true for arbitrary bounded closed convex subsets which are not necessarily symmetric. Proof. Otherwise, there exists a bounded closed convex subset D in X satisfying following condition: For some 0 , we can find T n ∈ L(X, Y ) such that for every T ∈ L(X, Y ) with
By finite dimensionality, we can choose T n converging to T 0 ∈ L(X, Y ) and x T 0 n converging to x 0 ∈ D. Then we can easily show that
J. Lindenstrauss [19] introduced the notion of property β: A Banach space Y is called to have property β if there is 0 λ < 1 and a family {(
He showed that if a Banach space Y has property (β), then the set of all norm attaining operators from X into Y is dense in L(X, Y ) for every Banach space X. In 1982, J. Partington [21] proved rather a surprising result that every Banach space can be renormed to have property (β). Acosta et al. [2] showed that if Y has property (β), then (X, Y ) has the BPBp on B X for every Banach space X. Now we prove that it is still true for bounded closed convex subsets of X. Proof. Without loss of generality we may assume D ⊆ B X , and first consider the case where D is symmetric. Let
. By Theorem 2.5, there exist g ∈ X * and z 0 ∈ D such that
, and x 0 − z 0 .
Clearly
where the last inequality follows from η (λ+2)
Therefore, T 0 attains its supremum at z 0 ∈ D with x 0 − z 0 and
For a bounded closed convex subset D, by Theorem 2.5, we can choose g ∈ X * and z 0 ∈ D so that g D = |g(z 0 )| and g − T * f α 0 . The rest of proof follows similarly.
Recall that the modulus of convexity of a Banach space X is defined on B X by δ( ) = inf 1 − x + y 2 : x, y ∈ B X , x − y .
We can naturally extend this notion for a bounded closed absorbing convex set D. We define δ D ( ) for 0 < < 1 by
In the following we get such a general result that for a bounded closed absorbing convex subset D of X with positive modulus convexity, the pair (X, Y ) has BPBp on D for every Banach space Y . Theorem 3.3. Let X and Y be (real or complex) Banach spaces and D be a bounded closed absorbing convex subset of B X such that δ D ( ) > 0 for every 0 < <
for sufficiently small relatively to T D , then there exist S ∈ L(X, Y ) and z ∈ D such that Sz = S D , S − T <
converges to S and T − S
A lower bound is
Combining these two bounds yields
It follows from T k − T <
Since is sufficiently small relatively to T D , then we have
We can also see easily that We recall that a Banach space Z is called injective if for every Banach space X and for every subspace W of X, every operator from W into Z can be extended to an operator from X into Z preserving its norm.
A Banach space X is called an Asplund space if the set of all points of U where f is Fréchet differentiable is dense G δ -subset of U for every real-valued convex continuous function f defined on an open convex subset U ⊆ X. Equivalently every w * -compact subset of (X * , w * ) is · -fragmentable. Here we say a subset C of (X * , w * ) is · -fragmentable if for every nonempty bounded subset A ⊂ C and for every > 0, there is a nonempty w * -open neighborhood V ⊂ X * such that A ∩ V is nonempty and has · -diameter less than ( [13] ). Recall that an operator T ∈ L(X, Y ) is called by an Asplund operator if it factors through an Asplund space. That is, there are an Asplund space Z and operators T 1 ∈ L(X, Z) and T 2 ∈ L(Z, Y ) such that T = T 2 • T 1 . For example, every weakly compact operator is an Asplund operator since it factors through a reflexive space, so that a rank one operator is an Asplund operator. We also note that the family of Asplund operators is an operator ideal, hence the sum of two Asplund operators or the composition of an operator with an Asplund operator is again an Asplund operator.
It was shown in [5] that the BPBp on B X holds for an Asplund operator from X into C 0 (L). We can extend this result to a symmetric bounded closed convex subset D ⊂ B X . Some modifications of [5, Lemma 2.3 and Theorem 2.4] are just needed, but we give the details for the sake of completeness. 
for some x 0 ∈ D, then for every norming set B ⊆ B Y * and 0 < M 2 , there exist x * ∈ X * , u 0 ∈ D and a w * -open neighborhood U in X * such that
Proof. Since B is a norming set, we can choose y * 0 ∈ B such that
Define a w * -open neighborhood in X * by
. By Theorem 2.5, we can choose x * ∈ X * and u 0 ∈ D such that
It also follows from an easy computation that
Since |kx * (u 0 )| = 1 from the choice of k, kx * satisfies the desired properties. Moreover,
for every z * ∈ U ∩ T * (B). 
then there exist an Asplund operator S : X → C 0 (L) and a point u 0 ∈ D such that
, we can find a w * -open neighborhood U and x * ∈ X * by Lemma 3.6. Here we have T (x)(s) = φ(s)(x) and
which is an open neighborhood of s 0 due to the w * -continuity of φ. By Urysohn's lemma there exists a continuous function f :
, hence S is an Asplund operator. It follows easily that S D 1 and |S(u 0 )(s 0 )| = |y * (u 0 )| = 1, which shows that S attains its supremum at u 0 on D and u 0 −x 0 < . For an upper bound of T −S ,
where the last inequality is derived from φ(s) ∈ U ∩ T * (B) and Lemma 3.6. This completes the proof.
Corollary 3.8. For any (real) Asplund space X and any locally compact Hausdorff space L, the pair (X, C 0 (L)) has the BPBp on a symmetric bounded closed convex set D of X.
Remark 3.9. By the remark after Theorem 2.5, without the symmetry of D we can show only that there exists an Asplund operator X → C 0 (L) such that
by modifying the proof of Lemma 3.6 and by the first part of Theorem 2.5.
Stability of the Bishop-Phelps-Bollobás property on direct sums
In order to compare the function η( ) appearing in the definition of the BPBp for different pairs (X, Y ), the notion of η(X, Y )( ) was introduced in [3] . We now generalize it to a bounded closed convex subset D of B X . 
It is Let {X i : i ∈ I} and {Y j : j ∈ J} be families of Banach spaces, X = ( i∈I X i ) 1 and Y = ( j∈J Y j ) ∞ . Let E i and F j be the natural isometric embeddings of X i and Y j into X and Y , respectively and let P i and Q j be the canonical projections of norm one from X and Y onto
Payá and Saleh [22] studied the denseness of norm attaining operators from the 1 -sum of domain space into the ∞ -sum of range spaces. Their methods in [22] were applied in studying the Bishop-Phelps-Bollobás property for operators on those spaces ( [3, 12] 
Proof. Fix h ∈ I and k ∈ J. Suppose that
It is easy to check that
For j = k, we have Q j T = 0 by the definition of T , which implies that
Since the range of S is the ∞ -sum of Y j 's, we have
It follows from the assumption D = co(∪E i D i ) that every u ∈ D can be written by
, where v n i = 0 and λ n i = 0 except finitely many i's. Since E i D i ∩ E j D j = {0} for i = j, we have that λ n i v n i → P i u for every i as n → ∞. By the diagonal argument, up to a subsequence, there exists a sequence {λ i } such that λ n i → λ i 0 for every i as n → ∞. By the Fatou lemma we obtain that
1. We can also see that there exists u i ∈ D i for every i such that v n i → u i as n → ∞ and λ i u i = P i u, hence u = ∞ i=1 λ i E i u i . Since Q kS (u) = 1 and E i u i ∈ D for every i, we have that Q kS (E i u i ) = 1 for every i where λ i = 0 and also that
If we fix the domain space X, then the reverse inequality also holds for the ∞ -sum of range spaces.
It is easy to check that (u, S) ∈ Π D (X, Y ). Moreover
We now consider the case where X is the ∞ -sum of domain spaces X i . 
Since E h x h ∈ D and the pair (X, Y ) has the BPBp on D, for 0 < < 0 there exist S ∈ L(X, Y ) with S D = 1 and u ∈ D such that S(u) = 1, S − T < , and E h x h − u < .
Now we define an operator S ∈ L(X h , Y ) for u h ∈ X h S(u h ) = S(E h u h ).
From E h x h − u < , we get P i u < for i = h. The assumption yields that 0 P i (u) ∈ D i for i = h. Let w be the element in D such that P h (w) = P h (u) and P i (w) = 0 P i u for i = h. Then
hence,
S(w).
It follows from S D = 1 = S (u) that S(E h P h u) = S(w) = 1. Since S D h S D = 1, S attains its maximum at P h u on D h . Moreover, S − T < and x h − P h u = E h x h − E h P h u E h x h − u < , so that the proof is completed.
Examples satisfying the above assumption on D include i∈I λ i B X i with inf i∈I λ i > 0 as well as B X . The case of the 1 -sum of range spaces follows immediately from [3, Proposition 2.7], so we omit the proof. A Banach space X is called a universal BPB domain space if for every Banach space Z, the pair (X, Z) has the BPB p on B X . It was proved in [3] that the base field R or C is the unique Banach space which is a universal BPB domain space in any equivalent renorming. Its proof follows immediately from [3, Lemma 3.2]: Let X be a Banach space containing a non-trivial L-summand and Y be a strictly convex Banach space. If the pair (X, Y ) has the BPB p on B X , then Y is uniformly convex. We can extend this result to a bounded closed convex subset D of X. With proposition 4.6 and remark 3.5, using similar argument in [3] , we can say that the the base field R or C is the unique BPB domain on every bounded closed convex subset D. Proposition 4.6. Let X be a (real) Banach space containing a nontrivial L-summand, i.e. X = X 1 ⊕ 1 X 2 for some non trivial subspaces X 1 and X 2 . Let D be a bounded closed convex subset of B X such that D = co(E 1 D 1 ∪ E 2 D 2 ). If Y is a strictly convex space and if the pair (X, Y ) has the BPBp on D, then Y is a uniformly convex space.
Proof. To prove that Y is uniformly convex, for every 0 < < 1/2 we need to find δ( ) > 0 such that y 1 = 1 = y 2 and and since S D = 1, the inequalities S + 4) , where the last inequality follows from S − T < 2M and T < 2M . Therefore Y is uniformly convex.
